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Abstract

The study aims to determine the ideal starting value of eccentricity for
satellites affected by atmospheric drag using Heun’s method. Several
altitudes from perigee were chosen for the satellites impacted by
atmospheric drag. The process of transforming position and velocity
components into dimensional and directional elements was described
along with Heun’s method. Based on the dimension and form of the orbit,
the results showed that Heun’s method is effective at very low values
for eccentricity, less than or equal to 0.0000456. The results of the
dimensional elements dropped rapidly, particularly in the next several
days. The directional elements (Euler’s angles) were not affected using
eccentricity at any given value. Over time, the semi-major axis displays
secular declining behavior, whereas the eccentricity exhibits periodic
falling behavior. The results demonstrated excellent matching with
previously published data using the Adams-Bashforth and Runge-Kutta
methods.

1. Introduction:
In orbital mechanics, the satellite in space is identified by

six orbital elements and two state vectors. During the satel-
lite’s orbital motion, it is exposed to two types of perturbations:
gravitational and non-gravitational. The gravitational includes
third-body attraction (this type of perturbation is due to the
Sun and Moon attraction) and the non-spherical nature of the
Earth (obletness, or J2).

While solar radiation pressure and atmospheric drag are
examples of non-gravitational perturbations, those perturba-
tions make the satellite drift from its real orbit; as a result,
this will produce a change in the values and behavior of the
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state vectors and orbital elements [1, 2, 3]. Many orbit deter-
mination methods were created in the past, including a few
developing techniques employing the principle of determining
the state vectors, such as Gauss, Gibbs, and Lambert. These
state vectors were then converted to orbital elements [4, 5].

Satellites in Low Earth Orbit (LEO) are placed between
(100-1000) km with a mean Earth radius of 6378 km. Atmo-
spheric drag causes satellites to drift away from their orbits
because of the interaction between the surface of the satellite
and the air molecules. The size and shape of the orbit are the
most affected because they decay with time [6, 7]. Centripetal
force drives the satellite inward, while centrifugal force pushes
the satellite outward. Though, their influence balances out
and makes the satellite maintain its orbit [8, 9]. Different
numerical integration methods are suggested by researchers
to find an ideal orbit.

Brito et al. studied the time necessary for the CubeSat
satellite to enter the Earth under the influence of J2 and drag,
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then the maximum time for staying in its orbit using numerical
simulation and an analytical solution [10]. Vukovich and
Kim developed models for the satellite under the influence of
atmospheric drag to study the decaying prediction, allowing
for the assessment of its effects. Satellites orbiting Earth
follow a Keplerian orbit, but perturbations can deflect them
from the classic Kepler’s orbit [11]. Victor et al. simulated
two small satellites in low orbit under the impact of drag to
understand how solar geomagnetic activity affects satellite
orbits [12].

Rasha and Abdul-Rahman used the first kind Bessel func-
tion to the value of eccentric anomaly then used Runge-Kutta’s
and Adams-Bashforth methods of fourth-order to investigate
the deviation of orbital elements with presence of drag. A low
height satellite was selected, and the results were analyzed
[13]. Wu et al. investigated by the probability and behavior as-
sessment for a space craft in a High Earth Orbit (HEO) based
on Global Navigation Satellite system (GNSS) [14]. Liu et al.
refined the predication of the orbit using the two-line element;
also, they used a hybrid algorithm of the genetic algorithm
and simplex method [15]. In this work, different altitudes in a
geocentric low orbit are used under the impact of drag force
only and Heun’s method is used to evaluate the results.

2. Methodology:
2.1 Calculation the position and velocity compo-

nents :
A position of satellite and velocity in the orbital plane can

be given as [16, 17, 18]:

x =a(cos Ec− e)

y =a
√

(1− e2)sin Ec

z =0

 (1)

ẋ =

√
(µEa)

r
sin Ec

ẏ =

√
µEa(1− e2)

r
cos Ec

ż =0

 (2)

Where, Ec is eccentric anomaly (this parameter is solved
by the first kind of Bessel function), a is the semi-major axis
(size of orbit), e is eccentricity (shape of orbit), µE is the grav-
itational constant related to Earth equal to 398600 km3/sec2,
and r is the magnitude of the position vector. The satellite’s
state vectors in the equatorial plane are as follows [19, 20, 21,
22]:

X =Gxx+Hxy+ Ixz

Y =Gyx+Hyy+ Iyz

Z =Gzx+Hzy+ Izz

 (3)

X ′ =Gxx′+Hxy′+ Ixz′

Y ′ =Gyx
′
+Hyy

′
+ Iyz

′

Z′ =Gzx′+Hzy′+ Izz′

 (4)

Here,GX ,GY ,GZ ,HX ,HY ,HZ , IX , IY andIZ are Euler’s an-
gles.

2.2 Calculation the orbital elements:
The six orbital elements of the satellite are as follows [23, 24,
25]:

• As started, the semi-major axis is:

a =

(
h2

µE
× 1

1− e2

)
(5)

Here, h is the angular momentum.

• Eccentricity (shape of orbit) is given by:

e =
1
µ

[(
|v|2 − µE

r

)
.r-(r.v).v

]
(6)

Where, r and v are the position and velocity vector in three
dimensions.

• Inclination angle is defined as follows:

cos i = hZ/(h) (7)

Where, hz = xy− yx

• Right ascension of ascending node is:

cos Ω = NX/N (8)

Where, Nx is the node’s line vector in (X-direction) and N: is
the magnitude of this element.

• Argument of perigee formula is equally:

cos ω = N.e/N.e (9)

• True anomaly is determined by:

cos θ = e.r/e.r (10)
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2.3 The perturbed acceleration:
The drag acceleration is used in this study as follows [26, 27,
28, 29]:

˙̇rDrag =−1
2

CD
A
M

ρ
vr

vr
(11)

Where, CD: is parameter related to drag, A: is area, M: is
mass, vr is the relative velocity vector, vris the magnitude in
three dimensions, ρ : is the atmosphere’s density, NLRMSISE-
00. NRL stands for the US Naval Research Laboratory MSIS
stands for mass spectrometer and incoherent scatter. E in-
dicates that the model extends from the ground through ex-
osphere and 00 is the year of release). An empirical atmo-
spheric density model is used to compute this density. When
there is no perturbation, the equation for the two bodies (the
equation of motion) is given by [29]:

˙̇r =−µE

r3 r (12)

2.4 Cowell’s method:
As the satellite’s affected by atmospheric drag, the final

representation for equation of motion is obtained by adding
equations (11) to (12) [30]:

Figure 1. Illustration of the initial and deviated positions of a
satellite in (LEO) [8].

˙̇rP =−µE

r3 r+˙̇rDrag (13)

Essentially, it states to add the perturbed acceleration to
the unperturbed then integrated numerically gradually. This
equation is a first order differential equation that results from
the second order differential equation.

2.5 Numerical Integration Method (Heun’s Method):
The perturbation makes the satellite deviate from its real

path [28], as shown in Figure 1 [8]. It guesses the next posi-
tion and velocity of the satellite depending on the initial value
for position and velocity, it’s advantage to integrate the accel-
eration and velocity to obtain a new perturbed state vectors.
The equation of motion with perturbation equation (13) is
integrated numerically by using the following method, which
is given by [28, 29]:

X1 =Xi +h(AX )

Y1 =Yi +h(AY )

Z1 =Zi +h(AZ)

 (14)

X f =X1 +
h
2
(AX )

Yf =Y1 +
h
2
(AY )

Z f =Z1 +
h
2
(AZ)

 (15)

Where:AX = Ẋi,AY = Ẏi,AZ = Żi, h: is the time step,
Xi,Yi,Zi and X f ,Yf ,Z f : are the original and predicating posi-
tions in three dimensions. The equations above are to find
the positions components in three dimensions. By the same
method the velocities components

X ′
f =X ′

1 +
h
2
(BX )

Y ′
f =Y ′

1 +
h
2
(BY )

Z′
f =Z′

1 +
h
2
(BZ)

 (16)

Where, X ′
i ,Y

′
i ,Z

′
i and X ′

f ,Y
′
f ,Z

′
f : represent the original

and predicating velocities in three dimensions. Here BX =
˙̇rXo,BY = ˙̇rYo,BZ = ˙̇rZo.

3. Results and Discussion:
The re-evaluation of the dimensional and directional ele-

ments is used for studying the satellite’s motion in its orbit.
The input orbital elements are given in Table 1 [15], the MAT-
LAB program is used to make a simulation and apply the
results. It is observed that in the perturbed condition (with the
presence of atmospheric drag) in Figure 2 case 1, the semi-
major axis reduces as the number of orbits completes (25
days), but in the ideal condition, the semi-major axis remains
constant. This element drops from 8388.69 km to 8386.75
km.

In case 2, the semi-major axis declines slowly from 7179.32
km to 7100.10 km. In case 3, it reduces by about 18 km as the
number of days passes. At altitude 673 km, the behavior of
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Table 1. The original orbital elements of the programs used
for several satellites [28].

Orbital
element Case 1 Case 2 Case 3 Case 4 Case 5

hp (km) 576 610 571 673 507.44

a (km) 8388.0 7179.0 6959.6 7062.5 6888.6

e 0.1710234 0.0195697 0.0015196 0.0002118 0.0000456

i (deg) 88.43 35.61 82.486 98.038 31.384

Ω (deg) 219.1 273.0 260.13 166.98 191.94

ω (deg) 189.1 63.14 147.32 59.115 84.031

θ (deg) 167.3 298.9 212.48 301.02 158.65

the element that responsible for the size of the orbit is secular
and reduced with time, as noticed in case 4. Finally, in case 5,
it reduces gradually from 6888.68 km to 6790 km. As a result,
it is noticed that the atmospheric drag pushes the satellite to
be directed towards the Earth, and this leads to the shape of
the orbit shrinking as compared with [8, 28, 29]. Figure 3,
case 1, it is noted that eccentricity has a periodic dropping
performance with different amplitudes. In case 2, it has a
secularly declining behavior.

It reduces from 0.0195697 to 0.019105. In cases 3 and 4,
the eccentricity continues in its periodic behavior, but with a
little different amplitude. In case 5, the value of eccentricity
was 0.00004, but this value dropped very slowly and peri-
odically with a variation in amplitude as time passed. It is
obviously true that the acceleration of the atmospheric drag
changes the eccentricity and, likewise, the semi-major axis,
which in turn leads to breaking down the line that connects
the satellites with the Earth. Figure 4 depicts the resulting
inclination in degrees for various initial inclination values as
a function of time in days.

In case 1, the inclination has a periodic behavior that is
gradually increasing with time. In case 2, the inclination
reduces periodically from 35.6171° to 35.6243° with different
amplitudes. The same is true in case 3, but the values of
inclination angles decrease periodically and slowly as the time
passes. In case 4, this orbital element is secular, dropping with
time. In case 5, the inclination has a small periodic amplitude
between (31.365-31.381) °, then suddenly grows 31.3847° to
31.391°.

In Figure 5 case 1, the right ascension of the ascending
node starts from 219.1374°, and then increases linearly with
time until it reaches the value of 285.7643°. In case 2, this
element has toothed behavior. In cases 3 and 4, this element
starts at 260.1351° and 166.9854°, respectively, to complete
one period from (0-360) °. In case 5, this element also has
toothed behavior.

In Figure 6 excluding case 4, the argument of perigee has
toothed behavior, while in case 4, it has a periodic behavior
between (20-120) °. Finally, through one period, the true

anomaly increases from (0-360) °. In all cases and for all
days, it seems toothed and starts with different values, as dis-
played in Figure 7 and Table 1. The results revealed a strong
association when compared to previous published research
[13, 27].
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Figure 2. The resulting semi-major axis (a) in km as the time passes.

Figure 3. The resulting eccentricity (e) as the time passes.
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Figure 4. The resulting inclination (i) in degrees as the time passes.

Figure 5. The resulting right ascension of the ascending node (Ω) in degrees as the time passes.
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Figure 6. The resulting argument of perigee (ω) in degrees as the time passes.

Figure 7. The resulting true anomaly (θ ) in degrees as the time passes.
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4. Conclusion:
Heun’s method worked at very insignificant values for ec-

centricity, equal to or a lesser amount of than 0.0000456,
based on the orbit’s shape and size behavior. The two-dimensional
elements (the semi-major axis and eccentricity) dropped quickly,
particularly in the last several days. Eccentricity, for any
given value, has no effect on the directional elements. The
dimensional orbital element has a secular decreasing behavior,
while the eccentricity has a periodic dropping behavior as time
passes. The results showed good agreement with previously
published studies that applied fourth-order Runge-Kutta and
Adams-Bashforth methods.
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