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Abstract

Ground State (GS) Properties of Even-Even 30−92
20Ca isotopes

have been studied in frame of Skyrme Hartree-Fock-Bogoliubov
using computer program HFBTHO V3.00 with three types of Skyrme
interactions (HFB9, SLY4 and SLY5). The calculated nuclear properties
including (average binding energy (BE ⁄A), two nucleon separation energy
(S2N), two neutron shell gap (δ2N), quadrupole deformation parameter
(β2), charge radii (Rch), neutron and proton radii (RN ,RP) and skin
thickness) were compared with the available experimental data and
with the results of Finite Range Droplet Macroscopic method (FRDM)
and Relativistic Mean Field (RMF) theory. According to Binding energy
(BE ⁄A), it turns out that it increases directly with increase directly with the
increases in neutron number until arrive its Max. value at the region
between (N=20-30) which is due to the effect of the two magic numbers
(N=20,28), after this region (BE ⁄A) start to decrease progressively.

1. Introduction:
Despite passing more than a century on the discovery of

nuclear physics, scientists are still seeking to reach a universal
theory that be able to clarify the general description about
nuclear structure properties and the shape of nucleus of all
well-known nuclei with high accuracy [1, 2, 3]. Therefore,
the essential objective of theoretical researches in this field is
to understand the reaction properties, shape, size and structure
of each of the nuclei in the periodic table [4, 5, 6].

The essential problems that prevent a microscopic eluci-
dation of nuclei are their complex structure and the nature of
nuclear force [7, 8, 9, 10], and to get rid of these two prob-
lems many theories and models have been built. Starting from
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direct solution and speculative models before moving on to
more complex ones. For nuclei with small proton number
such as (4

2He, 7
3Li,. . . ), it is possible to use direct solution

beginning with a minimal degree of freedom for nucleons
[11, 12]. However, due to their extremely high error ratio,
these descriptions cannot be compared with the experimental
data [13, 14].

Otherwise, to describe light and medium nuclei (nuclei
with mass number A<60) a significant progress has been
made utilizing the quantum chromodynamics (QCD) [15] and
constrained with the Exp. data. This mechanism is known
as the ab-initio model and is dependent on nucleon-nucleon
interactions [16].

Also, no-core Shell Model [17] can be used for light nu-
clei, whilst, for nuclei which have mass number up to A =
60, coupled cluster model or self-consistent green function
model can be used. for more details, see Refs. [18, 19, 20, 21].
Nonetheless, the nuclear models are divided into three kinds.
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1. macroscopic approach such as Bethe Weizcker mass
formula based on the liquid drop model [22].

2. macroscopic-microscopic model such as Finite-Range-
Droplet-Macroscopic method (FRDM) [23].

3. microscopic models such as the conventional Hartree-
Fock (HF) method [24].

The typical and most popular microscopic model that uti-
lized in the nuclear research is the Hartree-Fock (HF) particu-
larly Hartree-Fock-Bogoliubov model, it uses Bardeen Cooper
Schrieffer (BCS) pairing theory to generalize HF theory [25].

HF+BCS gives a perfect depiction of the structure of nu-
cleus and GS properties for nuclei close to the line of β -
stability. While, for nuclei far away from β -stability line the
effectiveness of the pairing correlations are raises progres-
sively, Consequently, to deal with nuclei nearby proton and
neutron drip lines, this model is no longer suitable.

Wherefore, Hartree-Fock-Bogoliubov was developed to
take into account both of mean-field correlations and pairing
correlations self-consistently [26, 27].

Calcium (30−92
20 Ca) with magic proton number (Z=20) and

three magic neutron number (N=20,28 and 50) has received
great attention in nuclear physics research, in the study of
astrophysics the microscopic structure of Ca nucleus has a
particular interest [28], nuclei with N ≈ 28 play an essential
role in the nucleosynthesis of Ca isotopes [29].

After iron and aluminum, Ca is the third most prevalent
metal and the fifth most plentiful element in the crust of the
Earth. The Ca nucleus have five stable isotopes (40

20Ca, 42
20Ca,

43
20Ca, 44

20Ca and 46
20Ca) and A semi-stable isotope (48

20Ca) so
Calcium is the first light element with six naturally occurring
isotopes.

In this manuscript, average binding energy, two nucleon
separation energy, two neutron shell gap and proton, neu-
tron and charge radii for even-even Ca isotopes were studied.
Computer program HFBTHO version 3.00 [30] was used
in the present paper with three kinds of Skyrme functional
(HFB9 [31], SLY4 [32, 33] and SLY5 [32]). This manuscript
is regulated as follows: Hartree-Fock-Bogoliubov model are
provided in section 2, In section 3, results and discussions are
provided. lastly, in section 4 we present the conclusion of the
study.

2. Hartree Fock Bogoliubov Approach:
A Hamiltonian of a many fermion systems can be expressed

using set of annihilation (c) operator, and creation (c†) opera-
tor [34],

H = ∑
ℓaℓb

tℓaℓbc†
ac

ℓb +
1
4 ∑
ℓaℓbℓcℓd

v̄ℓa ℓb ℓc ℓd c†
ac†

bcℓd cℓc (1)

where the kinetic energy is represented by the first term,
and v̄ℓa ℓb ℓc ℓd = vℓa ℓb ℓc ℓd − vℓa ℓb ℓd ℓc are anti-symmetrized
matrix-element of two-body interaction. So, the GS wave-
function of Hartree Fock Bogoliubov model can be clarified
by quasi-particle operators ( β

†
α and βα ) with a liner transfor-

mation of Bogoliubov [35],

β
†
α = ∑

ℓ

Uℓac†
ℓ +Vℓacℓ βα = ∑

ℓ

U∗
ℓa

cℓ+V ∗
ℓa

c†
ℓ (2)

U and V matrices should be satisfying the relations,

UV † +V ∗UT = 0, U†U +V †V = 1,

UTV +V TU = 0, UU† +V ∗V T = 1
(3)

The single body density matrix in terms of the k and
normal ρ is defines as

ρkk′ = ⟨Φ|c†
k ,ck|Φ⟩, kkk′ = ⟨Φ|ck,ck|Φ⟩ (4)

The energy functional of equation 1 is showed as,

E[ρ,k] =
⟨Φ|H|Φ⟩
⟨Φ|Φ⟩

= Tr
[

t +
1
2

Γ

]
ρ − 1

2
Tr[∆k∗] (5)

Where

Γℓaℓc = ∑
ℓbℓd

v̄ℓa ℓb ℓc ℓd ρℓd ℓb′
∆ℓa ℓb = ∑

ℓbℓd

v̄ℓa ℓb ℓc ℓd kℓc ℓd (6)

The matrix form of the Hartree Fock Bogoliubov equa-
tions is provided by,

(t+Γ−λ ∆

−∆∗ −(t+Γ−λ )∗

)(Ua

V a

)
= Ea

(Ua

V a

)
(7)

where (∆) represent pairing potential, and the fermi energy
of the system is represented by Lagrange multiplier (λ ) , for
more details see ref. [35, 36, 37, 38, 39].

3. Results and Discussions:

In this section, the obtained result in this study was pre-
sented and discussed, mostly for (average binding energy
(BE ⁄A), two nucleon separation energy (S2N), two neutron shell
gap (δ2N), quadrupole deformation parameter (β2), charge
radii (Rch), neutron and proton radii (RN , RP) and skin thick-
ness). The calculations were done in frame of the HFB ap-
proach with three types of Skyrme interactions (HFB9, SLY4
and SLY5).
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Figure 1. Average binding energy as a function of N.

3.1 Average Binding Energy (BE ⁄A):

Average Binding energy (BE ⁄A) is one of the most important
quantities in the study of nuclear structure, it has a direct
relationship with the stability of nucleus [40]. In Figure 1,
BE/A as a function of N are presented for Ca isotopes. Our
calculated results by HFB9, SLY4 and SLY5 interactions are
compared with the results from FRDM 2012 [23] and with
the available experimental data [41]. A clear coordination
can be seen between our calculated data and the available
experimental data and also with FRDM [23] model data.

As shown in Figure 1 BE ⁄A start with about 5.44 MeV and
increases gradually with neutron number (N) rise, it reaches
its Max. value in the region between (N=20-30) which is due
to the effect of doubly magic number (N=20,28 and Z=20)
after this region BE ⁄A start to decrease progressively.

3.2 Two Nucleon Separation Energy (S2N):

The fundamental quantity in the studying of nuclear physics
is S2N . The calculate values of S2N of 30−92

20 Ca isotopes are
shown in Figure 2 using three kinds of Skyrme interactions
(HFB9, SLY4 and SLY5), in comparison with the data of
FRDM 2012 [23], and with the available experimental data
[41].

The S2N value starts with a high value, which is about 45
MeV and then gradually decreases with increasing in N, a
sharp decrease happen at magic number (N=20,28) because
of the effect of closed shell, whereas, when N=50 the effect
of the magic number has no appear because approaching the
neutron drip line; isotopes were located nearby the drip line
have lower S2N values than isotopes located nearby valley of
stability.
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Figure 2. S2N as a function of N.
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Figure 3. δ2N as a function of N.

3.3 Two Neutron Shell Gap (δ2N):
δ2N has important rule in the study of nuclei far from the

valley of stability, the disappearance of the shell effect is
defined as the two-neutron shell gap. Eq. 8 clarify δ2N value
[6].

δ2N(N,Z) = S2N(N,Z)−S2N(N +2,Z) (8)

δ2N values for isotopic chains of Ca nucleus are presented

in Figure 3, using three types of Skyrme interactions (HFB9,
SLY4 and SLY5), to confirm the validity of the results, they
were compared with FRDM [23] data, and with the available
experimental data [41]. When N=12, δ2N ≈ 3.2 MeV while,
when N=14, δ2N ≈ 6.55 MeV it has become almost twice
what it was since there are twice number of neutrons in 1d5/2
shell, secondary shell filled; the second and third picks appear
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Figure 4. β2 as a function of N.

when N=20,28 N=40 when 2p1/2 shell filled, and the last pick
appear when N=68 due to 2d3/2 shell filled.

3.4 Quadrupole Deformation Parameter (β2):

β2 provides us a clear visualization of the shape of isotopes.
The calculated β2 values are presented in Figure 4 as a func-
tion of a N for 30−92

20 Ca isotopes using three Skyrme functional
(HFB9, SLY4 and SLY5). The calculate result are compared
with FRDM 2012 [23]. There is a good agreement among all
function. β2 is defined as in Eq. 9 [35].

β2 =

√
Π

5
⟨Q̂⟩
⟨r2⟩

(9)

Most of Ca isotopes appear with spherical shape due to
a magic proton number and three magic neutron numbers,
except some isotopes in the region (N=64 and 66) which
appear with prolate shape.

3.5 Charge Radius (Rc):

Our HFB calculations of Rc by three Skyrme functional
(HFB9, SLY4 and SLY5) are presented in Figure 5 as a func-
tion of N, in comparison with the RMF theory data [42] and
also with the available experimental data [43]. A clear coor-
dination between the calculated results and the experimental
results has been achieved as well as with RMF theory data.
Rc is defined in Eq. (10) [30]

Rch =

√
⟨rp⟩2 + ⟨Rp⟩2 +

N
Z
⟨Rn⟩2 +

3
4M2

p
(10)
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Figure 5. Rc as a function of N.
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Figure 6. Root Mean Square (rms) radii as a function of N.

The charge radius in primary isotopes decreases because
the effect of the closed shell at magic number. After passing
magic number it increases with increasing in N.

3.6 Proton and Neutron Root Mean Square (rms)
radii:

In Figure 6 we present proton and neutron rms radii together
as a function of N in comparison with the values of relativistic
mean field (RMF) theory [42]. As shown in Figure 6, proton
radius increases slightly as the number of neutrons increases;
while, neutron radius increases clearly with the increase in
neutron number.

3.7 Skin-Thickness ∆rN,P:

The difference between the neutrons rms radii and protons
rms radii is defined as Skin-Thickness ∆rN,P ∆rN,P = RN-RP).
Figure 7 presents ∆rN,P for Ca isotopic chains calculated by
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Figure 7. Skin-thickness ∆rN,P as a function of N.

three types of Skyrme functional (HFB9, SLY4 and SLY5) in
comparison with the values of relativistic mean field (RMF)
[42] theory. From Figure 7 it can be seen that the additional
neutrons lead to the ∆rN,P. Good agreement can be seen be-
tween HFB9, SLY4 and SLY5 (this work) results and RMF
theory. When neutron number increase ∆rN,P grows progres-
sively, for Ca isotopes it reaches its maximum value near
neutron drip-line.

4. Conclusion:

In the current study, the ground state (GS) properties, in-
cluding average binding energy, two nucleon separation en-
ergy, two neutron shell gap, quadrupole deformation parame-
ter, charge radii, neutron and proton radii and skin thickness)
of Ca nuclei have been studied.

Regarding binding energy, BE ⁄A increases directly in Ca
isotopes with the increase in neutron number until arrive its
maximum value at the region between (N=20-30) which is
due to the effect of two magic number (N=20,28 ), beyond
this region BE ⁄A start to decrease progressively.

While, regarding to two neutron separation energy, the
S2N starts with a high value which is about 45 MeV and then
progressively decreases with increasing in N, the effect of
closed-shell appears at N = 20, 28. However, N = 50, this
effect has no appear because of approaching the neutron drip
line. Concerning two neutron shell gap, δ2N appears picks
when N = 14, 20, 28, 32, 40 and 68 due to subshells (1d5/2,
2s1/2, 1d5/2, 1f7/2, 2p3/2, 2p1/2 and 2d3/2) that are filled.

As for quadrupole deformation parameter due to magic
proton number and three magic neutron numbers most of Ca
isotopes appear with spherical shape. Whilst, according to
nuclear radii (charge, neutron and proton radii) neutron rms
radii increase clearly with the increase in neutron number;

while, proton rms increases slightly as the number of neutrons
increases.
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